This paper is concerned with the relation between spot and implied volatilities. The main result is the derivation of a new equation which gives the dynamics of the spot volatility in terms of the shape and the dynamics of the implied volatility surface. This equation is a consequence of no-arbitrage constraints on the implied volatility surface right before expiry. We first observe that the spot volatility can be recovered from the limit, as the expiry tends to zero, of at-the-money implied volatilities. Then, we derive the semimartingale decomposition of implied volatilities at any expiry and strike from the no-arbitrage condition. Finally the spot volatility dynamics is found by performing an asymptotic analysis of these dynamics as the expiry tends to zero. As a consequence of this equation, we give general formulas to compute the shape of the implied volatility surface around the at-the-money strike and for short expiries in general spot volatility models.
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Introduction
The aim of this paper is to answer the following question: How much is known about an underlying security's volatility if we can observe sufficiently many European call and put option prices written on that security? More generally, we should like to better understand the relationship between spot and implied volatilities. The usual way to go from a spot volatility process σ to the corresponding implied volatilities is easy to state but rather convoluted in practice. One has to solve the stochastic differential equations for the stock price S together with those driving the other economic factors, then compute expectations under the law of the terminal stock price, and finally invert the Black-Scholes formula. Implied volatilities are the market-observable quantities, whereas σ is a mathematical construction which is the key concept when it comes to the risk management of exotic options.
This important practical question has been studied for quite some time. Let us first mention the very well-known result of [5] . If C t (T , K) denotes the price at time t of a call option with strike K and maturity T , then knowing C t (T , K) at time t for all K and for a given T is equivalent to knowing the risk-neutral distribution of the terminal value of the stock price S T .
An important further step was achieved in [11, 12] , and [23] . For instance, it is shown in [12] that under the assumption that the spot process is continuous and Markov under the pricing measure, the distribution of the process describing the future evolution is completely specified by implied volatilities. More precisely, let us suppose that the spot volatility is a deterministic function of the current spot price and possibly time, say, σ (t, S). The above works show that we can recover this function if we observe the entire implied volatility surface (as a function of T and K) at a given date.
We tackle this problem from a different angle in the sense that we study dynamics instead of focusing on data at a given date. Loosely speaking, the previous works used Markov methods where (t, ω) are essentially fixed, whereas (T , K) vary. We keep (T , K) "fixed" and let (t, ω) vary. As explained by [17] and [8] among many others, such a dynamical approach is very useful from a practitioner's point of view. Implied volatility dynamics are crucial when it comes to risk management of portfolios of options. Having a model for the implied volatility dynamics allows one to calculate the different vega risks in a consistent manner. Dynamics are also crucial for hedging exotic options. This is particularly clear in the case of a barrier option: Its price is precisely a function of the implied volatility smile when the spot touches the barrier, as made apparent by the classical static hedging argument of [3] .
To solve the problem, we take a point of view that is very close to that of [18] , where a continuum of assets is modeled. We consider here a market where the primary securities are the spot and liquid options on it. We restrict ourselves to a continuous spot process. Apart from that, we try to make as few assumptions as possible on the spot dynamics in order to have the most general understanding. We shall see that there is a lot of information about the spot process that is contained in option prices. In fact, we shall see that under some regularity conditions, one can recover the spot volatility dynamics by observing implied volatilities' dynamics.
